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A COMPUTER IMPLEMENTATION OF FREUDENTHAL’S 
MULTIPLICITY FORMULA 
BY 
ROBERT E. BECK AND BERNARD KOLMAN 
(Communicated by Prof. H. FREUDENTHAL at the meeting of March 25, 1972) 
ACIRAWALA and BELINFANTE [l] and KRUSEMEYER [4] have described 
implementations of Freudenthal’s formula for the multiplicities, often 
called the inner multiplicities, of a weight system associated with an 
irreducible representation of a complex simple Lie algebra. Our paper 
describes another implementation of this formula which differs from the 
earlier implementations. In our implementation the Freudenthal formula 
is used only for the multiplicities of the dominant weights. All the other 
multiplicities are filled in using the subroutine HIGHER, which is based 
on the Layer Lemma to be established below. Consequently, this imple- 
mentation runs faster than the one reported in [l]. 
The program was written for the IBM 360175 system at the University 
of Pennsylvania in ASA Fortran. The listing and program deck are 
available upon request. 
Let y be a weight in the weight system of an irreducible representation, 
with highest weight 2, of a complex simple Lie algebra L of rank 2. 
Freudenthal’s formula gives a recursive method for computing the multi- 
plicity nfi in terms of the multiplicities n@, of weights ~1’ >p. The formula is 
(1) {(n+s,~+6)-(r+6,~+S)}n,=2Z: :n,+,(p+jw4, 
a>0 j=l 
where 6 = 3 za ,. 01= z:=, & is half the sum of the positive roots and 
(7, [) denotes the inner product induced by the Killing form. 
The inner product can be changed by a constant multiple and written as 
where q=&+ mkAk, r=z,“,, njr& and dkj = (det A) c&a& &yK) with [ckj] 
the inverse of the Cartan matrix A. Substituting these results into (1) we 
have the computer oriented expression of Freudenthal’s formula 
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Equation (2) eliminates the need for finding the greatest common divisor 
of the entries in the inverse of the Cartan matrix, and it eliminates the 
need for special routines for rational arithmetic. Thus, all computations 
can be carried out in integer mode. 
The weight system of the representation of the simple Lie algebra L 
with highest weight 3, can be obtained by using Dynkin’s layer method [3]. 
We now establish the following lemma. 
THE LAYER LEMMA. Let p =z:fP1 rn( ilr be a weight. Suppose ,u belongs 
to layer r. Then A%&) belongs to layer (r+mj), where S, is the Weyl 
reflection determined by the simple root aj. 
Proof: Let p =A- zfml i&t, where zip, ka =T. Then 
which implies that S,@) belongs to layer r +m+ 
Instead of using Equation (2) to compute the multiplicity of every 
weight in the weight system, we use it only for the multiplicities of the 
dominant weights and use the Layer Lemma for the multiplicities of 
the non-dominant weights. Thus, if p is a non-dominant weight in layer T, 
one of its Dynkin indices, say rnj, is negative. Then by the Layer Lemma 
p’ = Sai (II) is a weight belonging to a layer r’ cr. Since the multiplicity 
n@, equals np, and ncl, has already been calculated, we can determine nti 
without any additional work. 
A representative set of problems including Lie algebras of different 
types and ranks and irreducible representations of varying dimensions 
was run using an IBM 360/75 computer at the University of Pennsylvania. 
The results are summarized in the table below. The time given is the 
actual computation time in seconds using the FORTRAN compiler and 
a timing subroutine. 
Lie Algebra 
B2 03 20 .05 
B2 42 260 .57 
B3 101 48 .12 
c 3 003 330 1.94 
F4 0200 226,746 90.00 
D4 1100 160 .63 
Highest Weight of 
Irreducible 
Representation 
Dimension of Time 
Representation (in seconds) 
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